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1. ü�gCþ��§

1. üüü���gggCCCþþþ������§§§

·�ÄkïÄ¹ü�gCþ����5�§, c¡����

�9D��§!u�Ä�§±9��.Ê.d�§Ñ´ÙA

~"��`5,�§¤¹�gCþ�õ,?nå5��E,"

kl¹ü�gCþ��§<Ã,�N´
)�����5�

§AXÛ©a±9�«ØÓa.�§�A:, �òkÏué

¹õ�gCþ����5�§�ïÄ"e^(x, y) PgC

þ,������5�§o�±�¤Xe�/G

a11uxx + 2a12uxy + a22uyy + b1ux + b2uy + cu = f, (1.1)

ùpa11, a12, a
′
22, b1, b2, c 9f Ñ´Cþx, y 3,�«�Ω þ

�¢¼ê,¿Ï~b½§�·�1w,~XëY��"
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���5�§�©a ���5�§�A�nØ na�§�'�

1. ü�gCþ��§

·�F"ÏL·��gCþ�C����¼ê��5C�¦
�§(1.1) {z,¿3dÄ:þé�§?1©a"ÏL««C�¦
�§��{z´ �©�§ïÄ¥~^��{"~X, ÒgCþ
�C�5`,XJ���§(A) ²L�_�gCþC�����
§(B), @o�§(B) ��§(A) Ò�±w¤�Ó��§�ØÓL
�/ª,�§(A) �)²LgCþ�ù�C��, Ò���§(B)
�), 
�§(B) �)²Lù�gCþC��_C�, �Ò��
�§(A) �)"XJ�§(B) �/ª'�§(A) �/ª{ü, @
o��ïÄ�§(B) Ò'��B"qXJÐ
�§ÑUÏLgC
þC�z¤�§(B), Ké(B) �ïÄÒ�äk;.¿Â"'u
��¼ê�C���±�aq�`²"

�k� à�²n�ÆêÆ�ÚOÆ�

êÆÔn�§1oÙ



���5�§�©a ���5�§�A�nØ na�§�'�

2. ü�gCþ����5�§�z{

2. üüü���gggCCCþþþ������������555���§§§���zzz{{{

·�y3m©é�§(1.1)3«�Ω ¥,:(x0, y0) �NC?

1{z"�d,�gCþ�C�

ξ = ξ(x, y), η = η(x, y). (1.2)

b�C�(1.2) �gëY��,�¦¼ê1�ª

D(ξ, η)

D(x, y)
=

∣∣∣∣∣ ξx ξy
ηx ηy

∣∣∣∣∣ (1.3)

3:(x0, y0) Ø�u""�âÛ¼ê�3½n, 3:(x0, y0)

NCC�(1.2) ´�_�"|^C�(1.2), �±ò�§(1.1)

z¤eã'ugCþξ, η � �©�§

�k� à�²n�ÆêÆ�ÚOÆ�
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2. ü�gCþ����5�§�z{

ā11uu + 2ā12ukη + ā22uηη + b̄1uξ + b̄2uη + c̄u = f̄ . (1.4)

du
ux = uξξx + uηηx,
uy = uξξy + uηηy,
ux,x = uξξξ

2
x + 2uξηξxηx + uηηη

2
x + uξξxx + uηηxx,

uxy = uξξξxξy + uξη (ξxηy + ξyηx) + uηηηxηy + uξξxy + uηηxy,
uyy = uξξξ

2
y + 2uξηξyηy + uηηη

2
y + uξξyy + uηηyy,

(1.5)

�k� à�²n�ÆêÆ�ÚOÆ�
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2. ü�gCþ����5�§�z{

��§(1.4) ¥�ā11, ā12, ā22 �
ā11 = a11ξ

2
x + 2a12ξxξy + a22ξ

2
y ,

ā12 = a11ξxηx + a12 (ξxηy + ξyηx) + a22ξyηy,
ā22 = a11η

2
x + 2a12ηxηy + a22η

2
y ,

(1.6)

b1, b2, c̄ 9f̄ ��±�A/û½"
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2. ü�gCþ����5�§�z{

y3�{À�C�(1.2), ¦�§(1.4)��� �ê�z¤�
{ü�/ª"5¿�(1.6) ¥�1nªÚ1�ª�/ª´���
Ó�,=´òξ �¤
η, Ïd, XJUÀJ��§

a11ϕ
2
x + 2a12ϕxϕy + a22ϕ

2
y = 0 (1.7)

�ü�¼êÃ'�)ϕ = ϕ1(x, y) 9ϕ = ϕ2(x, y), �{
ξ = ϕ1(x, y),
η = ϕ2(x, y),

�§(1.4) ¥�Xêā11, ā22 ÒC�""ù�, (1.4) ªÒ�(1.1)
ª��{z
"y3�	ù«À���U5"
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2. ü�gCþ����5�§�z{

·���'uϕ ��� �©�§(1.7) �¦)¯K�±z
�¦eã~�©�\3(x, y) ²¡þ�È©­�¯K:

a11dy
2 − 2a12dxdy + a22dx

2 = 0. (1.8)

�ϕ1(x, y) = c ´�§(1.8) ��xÈ©­�, Kz = ϕ1(x, y) Ò´
�§(1.7) ���)"¡�§(1.8) �È©­���§(1.1) �A
��, �§(1.8) k�½¡�A��§"�
¦��§(1.8) �È
©­�,ò�§(1.8)©)¤ü��§

dy

dx
=
a12 +

√
a2

12 − a11a22

a11
, (1.91)

dy

dx
=
a12 −

√
a2

12 − a11a22

a11
. (1.92)
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2. ü�gCþ����5�§�z{

ù�ke¡n«�/: (1) 3:(x0, y0) �N
C∆ = a2

12 − a11a22 > 0. d��§(1.9) , 9(1.9)2 mà��É�
¢�, �(1.8) �È©­��üxØ�Ó�¢­�, �gò§�L
«�ϕ1(x, y) = c 9ϕ2(x, y) = c "b�ϕ1x 9ϕ1y, ϕ2x 9ϕ2y þ
ØÓ��", KC�

ξ = ϕ1(x, y), η = ϕ2(x, y) (1.10)

´�_C�,Ï�d�¼ê1�ªØ�u"(1) "À�ù��C�
�, �§(1.4) ¥�ā11, ā22 Ñz�", Ó�´��_C�ØUò�
� �©�§C¤��, �d�7kā12 6= 0 (��±ÏL��O
��y)"
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2. ü�gCþ����5�§�z{

Ïd, (1.4)ª�z�

uξη = Auξ +Buη + Cu+D (1.11)

�/ª, Ù¥A,B,C,D �ξ, η �¼ê"
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2. ü�gCþ����5�§�z{

XJ3(1.11) ª¥2�gCþ�C�

ξ =
1

2
(s+ t), η =

1

2
(s− t),

K�§(1.11) ?�Úz�

uss − utt = A1us +B1ut + C1u+D1 (1.12)

�/ª"(2) 3:(x0, y0) ����¥∆ = a2
12 − a11a22 ≡ 0, ¿

�a11, a12, a22 Ø��""d�(1.7) ªz���²�

(
√
a11ϕx +

√
a22ϕy)

2 = 0,

�A�­��k�x, P�ϕ1(x, y) = c "
�k� à�²n�ÆêÆ�ÚOÆ�

êÆÔn�§1oÙ
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2. ü�gCþ����5�§�z{

À�ξ = ϕ1(x, y) "du∆ ≡ 0,

ā12 = a11ξxηx + a12 (ξxηy + ξyηx) + a22ξyηy

= (
√
a11ξx +

√
a22ξy) (

√
a11ηx +

√
a22ηy) = 0,

Ïdā11 9ā12 Ó��""?À�¼êη = ϕ2(x, y), ¦ϕ1, ϕ2 ¼
êÃ', KÏLC�(1.10), �§(1.1) Òz�

ā22uηη = Auε +Buη + Cu+D

�/ª,Ù¥ā22 6= 0 "±ā22 Øþªüà, ��/G�

uη = A1uξ +B1uη + C1u+D1 (1.13)

��§"
�k� à�²n�ÆêÆ�ÚOÆ�
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2. ü�gCþ����5�§�z{

XJ3(1.13) ª¥2���¼ê��5C�

v = ue
− 1

2

∫ η
η0
B,(ε,τ)dτ

,

Ò��'uv ��§

vm = A2vξ + C2v +D2, (1.14)

Ù¥Ø2Ñy'uη ��� �ê�"£3¤3:(x0, y0) �N
C∆ = a2

12 − a11a22 < 0. d�Ø�3¢�A��, �§(1.8) �Ï
È©�U´E¼ê"
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2. ü�gCþ����5�§�z{

b�
ϕ(x, y) = ϕ1(x, y) + iϕ2(x, y) = c

´(1.9)1 ª���ÏÈ©, =÷

va11ϕx = −
(
a12 +

√
a2

12 − a11a22

)
ϕy, ¿�ϕ1, ϕy ØÓ��",

ùpϕ1, ϕ2 ´¢�¼ê, Kz = ϕ(x, y) ÷v

a11ϕ
2
x + 2a12ϕxϕy + a22ϕ

2
y = 0.

�
;�Ú<E¼ê, ·��C�

ξ = Reϕ(x, y) = ϕ1(x, y),

η = Imϕ(x, y) = ϕ2(x, y).
(1.15)

�±y², ϕ1(x, y) Úϕ2(x, y) ´¼êÃ'�"
�k� à�²n�ÆêÆ�ÚOÆ�
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2. ü�gCþ����5�§�z{

¯¢þ, Ï�ϕ(x, y) = c ÷v(1.9)1 ª, �

a11ϕx = −
(
a12 + i

√
a11a22 − a2

12

)
ϕy. (1.16)

r¢Ü9JÜ©m,��{
a11ξx = −a12ξy +

√
a11a22 − a2

12ηy,

a11ηx = −a12ηy −
√
a11a22 − a2

12ξy.
(1.16’)

dua11 6= 0 (ÄK∆ Ø¬�u"), ¤á∣∣∣∣ ξr ξy
ηx ηy

∣∣∣∣ =

√
a11a22 − a2

12

a11

(
ξ2
y + η2

y

)
.

ù�1�ª��Ø�u", ÄKÒ¬íÑξy = ηy = 0"
�k� à�²n�ÆêÆ�ÚOÆ�
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2. ü�gCþ����5�§�z{

2d(1.16)′ Ò�Ñξx = ηx = 0, l
ϕx = ϕy = 0, �ù�'
u¼êϕ �b½ØÎ"Ïd(1.15) ¥�ϕ1, ϕ2 ´¼êÃ'�"d
uξ + iη ÷v�§(1.7), �<�ò¢Ü9JÜ©m, ��

a11ξ
2
x + 2a12ξxξy + a22ξ

2
y = a11η

2
x + 2a12ηxηy + a22η

2
y ,

a11ξxξy + a12 (ξ2ηy + ξyηx) + a22ξyηy = 0.

Ïd, d(1.6)ª,�§(1.1)z�

uξξ + uηη = Auξ +Buη + Cu+D (1.17)

�/ª"

�k� à�²n�ÆêÆ�ÚOÆ�
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3. �§�©a

3. ���§§§���©©©aaa ·�w�, ü�gCþ����5�§ÏL

gCþ��_C�U
z¤=«IO/,�w�g.

Q(l,m) = a11l
2 + 2a12lm+ a22m

2

��ê5�XÛ5½, ½ö`, dl,m ²¡þ��g­

�Q(l,m) = 1 �5�
½"duù�­��±´��ý

�!��V­�½ö���Ô�,�·��A/½Â�§3

�:�a.Xe: e�§(1.1) ¥�� �ê��X

êa11, a12, a22 3«¢Ω ¥,:(x0, y0) ÷v

∆ = a2
12 − a11a22 > 0,

K¡�§3:(x0, y0) �V­.�;

�k� à�²n�ÆêÆ�ÚOÆ�
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3. �§�©a

e3:(x0, y0) �v

∆ = a2
12 − a11a22 = 0,

K¡�§3:(x0, y0) ��Ô.�; e3:(x0, y0) ÷v

∆ = a2
12 − a11a22 < 0,

K¡�§3:(x0, y0) �ý�.�"
Ùg, XJ�§3��«�Ω ¥�z:þ�V­., @oÒ

¡�§3«�Ω ¥´V­.�"Ó�,X�§3«�Ω ¥�z:
þ��Ô.½ý�.�, @oÒ¡�§3«�Ω ¥�Ô.½ý�
.�{,@o§3«�Ω ¥?�:(x0, y0) �NCÒ�©_z
¤(1.11) (½(1.12)), (1.13) (½(1.14)) ½(1.17)�/ªÏ

(1.11)(½(1.12)),(1.13)(½(1.14)) Ú(1, 17)
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3. �§�©a

Ò©O¡�V­.!�Ô.�ý�.�§�IO/ª"N´
wÑ, XJ:(x0, y0) ��§(1, 1) �V­.:½ý�.:, @o
�½�3T:�����, ¦�§3ù��S´V­.½ý�.
�, ÏdÒU3ù:�NCò�§z�IO/ª"�X:(x0, y0)
�ªÔ.:, ÒØ�½�3����, ¦�§3ù��S´�Ô
.�,Ïd¿ØU�y3T:NC�z¤�Ô.�§�IO/
ª"�âfâ¤`�©a�{, �±N´/w�u�Ä�§´V
­.�,��9D��§´�Ô.�, ���.Ê.d�§´ý�
.�"duu�Ä�§£ãÅ�DÂy�, §äké�m�_�
5�; 9D��§�N
9�D�!Ô��*Ñ�Ø�_y�:

.Ê.d�§£ã²ï½½~�G�"

�k� à�²n�ÆêÆ�ÚOÆ�
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3. �§�©a

ùn«�§¤£ã�g,y����ØÓ, ùn«�§�5
���É"dd��,ü�gCþ����5�§�þã©a�
{, ´kÙ����Ï�"��,·��Ñ,k
�§3«�Ω �
��Ü©´V­.�, 
3,�Ü©´ý�.�, 
3§��©
.�þ´�Ô.�"ù���§3«�Ω ¥¡�´·Ü.�"~
XAp��( Tricomi) �§

y
∂2u

∂x2
+
∂2u

∂y2
= 0 (1.18)

3þ�²¡y > 0 ´ý�.�, 
3e�²¡y < 0 ´V­.�"
�¤�	�«�Ω �¹¶y = 0 þ�,
�ã�,ù�§3Ω ¥Ò
´·Ü.�"3ïÄ�íÄåÆ¥�ªÑ�6¯K�,~��·
Ü.�§"

�k� à�²n�ÆêÆ�ÚOÆ�
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4. ~K

y3·�ÞÑ�
zü�gCþ����5 �©�§�I

O/ª�~f"

�1 u�Ä�§

un − a2uct = 0

��®äkIO/ª(1.12), ÙA��x�

x+ at = c 9x− at = c.

�C�ξ = x+ at, η = x− at �, =z�IO/ª(1, 11)

∂2u

∂ξ∂η
= 0.
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4. ~K

|^ù«IO/ª, ÒN´�Ñ§�Ï)"¯¢þ, ±v
L∂u

∂η , =�∂v
∂ξ = 0, u´v = f(η), Ù¥f ´η ���?¿¼ê"

23�§
∂u

∂η
= f(η)

¥òξ À�Yê, 'uη È©, Ò��

u =

∫
f(η)dη + ϕ(ξ)

½
u = ϕ(ξ) + ψ(η) = ϕ(x+ at) + ψ(x− at), (1.19)

Ù¥ϕ Úψ ´ü�?¿���ëY��¼ê"
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4. ~K

~2 Ap���§

y
∂2u

∂x2
+
∂2u

∂y2
= 0

�A��§�
ydy2 + dx2 = 0.

3ý�.«�y > 0 S, §z��

dx± i√ydy = 0,

x± i2
3
y

3
2 = c.

�C�

ξ = x, η =
2

3
y

3
2 .
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4. ~K

��§z�

∂2u

∂ξ2
+
∂2u

∂η2
+

1

3η

∂u

∂η
= 0. (1.20)

3V­.«�y < 0 S,A��§��

dx±
√
−ydy = 0,

x± 2

3
(−y)

3
2 = c.

�C�

ξ = x− 2

3
(−y)

3
2 . η = x+

2

3
(−y)

3
2 .

��§z�

∂2u

∂ξ∂η
− 1

6(ξ − η)

(
∂u

∂ξ
− ∂u

∂η

)
= 0. (1.21)
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5. õ�gCþ��§�©a

�	���õ�gCþ����5 �©�§, §�/ª�
n∑

i,j=1

aij
∂2u

∂xi∂xj
+

n∑
i=1

bi
∂u

∂xi
+ cu = f, (1.22)

Ù¥aj , bi, c 9f ´n ��m(x1, x2, · · · , xn) ¥,«�Ω þ

�·�1w�¼ê,¿o��aη = aj "d�,��ØU�ü

�gCþ�/@�ò�§3��«�Sz¤IO/ª. ��

k7�r�§y©�eZa.5?1ïÄ"·�5¿�, 3

éü�gCþ��§�©a�, ��©aIO¤|^��´

�§¥�� �ê�Xê��ê5�: ¦�§�ý�.�:,

1�ª∆ < 0, ùÒ´�g.A(λ) =

a11λ
2
1 + 2a12λ1λ2 + a22λ

2
2 ��½½K½��/;

�k� à�²n�ÆêÆ�ÚOÆ�
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5. õ�gCþ��§�©a

¦�§��Ô.�:, ∆ = 0, ùÒ´�g.A(λ) �òz�
�/; 
éu¦�§�V­.�:, �g.A(λ) ´QØ�òz,
qØ´�½½K½��/"�ó�,ùn«�/©OéAu�g
.A(λ) �A��,=�§∣∣∣∣ a11 − λ a12

a21 a22 − λ

∣∣∣∣ = 0 (1.23)

��ÓÒ!k"�9ÉÒ��/"é�§(1.22) ����g.

A(λ) =
n∑
i=1

aijλiλj (1.24)
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5. õ�gCþ��§�©a

�±w�: éõ�gCþ�.Ê.d�§

∂2u

∂x2
i

+
∂2u

∂x2
2

+ · · ·+ ∂2u

∂x2
v

= 0

¡ó, �g.A(λ) = λ2
1 + · · ·+ λ2

∗ ´�½�, §¤éA�Ý
�
¤k�A���ÓÒ"én+ 1 �gCþ�ÅÄ�§

∂2u

∂t2
= a2

(
∂2u

∂x2
1

+ · · ·+ ∂2u

∂x2
2

)

ó, A(λ) = λ2

0 − a2
(
λ2

1 + λ2
2 + · · ·+ λ2

n

)
´Q�òz, ���

½(½K½�)§§¤éA�Ý
�n+ 1 �A��¥, kn �Ó
Ò(=�−a2 ), 
,	������ÎÒ(=�1 )"
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5. õ�gCþ��§�©a

én+ 1 �gCþ�9D��§

∂u

∂t
= a2

(
∂2u

∂x2
1

+ · · ·+ ∂2u

∂x2
n

)

ó, A(λ) = −a2

(
λ2

1 + · · ·+ λ2
b

)
�òz�, =§¤éA�Ý


k�����""ù�, ·��±g,/�ÑXe�½Â: ��
§(1.22) 3,:P

(
x0

1, · · · , x0
n

)
, Ù�g.

A(λ) =

∞∑
j=1

av(P )λ, λs

��½½K½(=Ý
( a1y) �A���ÎÒ���Ó), @o¡
�§3:P �ý�.�;
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5. õ�gCþ��§�©a

XJA(λ) 3:P �òz�(=Ý
aη �A��¥��k�
�"), @o¡�§3:P ��Ô.�;XJA(λ) 3:P QØ�ò
z, �Ø��½½K½, �Ý
(avj) �A��¥kn− 1 �Ó
Ò,@oÒ¡�§3:P �V­.�"�IÖ¿�«w¹,
=A(λ) 3:P ��½½K½, ½Ø?z, qØ�V­., @oÒ¡
§��V­.�"ù�Ý
(aij) ��kü�A����!kü
�A���K"�ü�gCþ��/�aq, ·��±�Ñ��
�§3,«�¥�ý�.!�Ô.!V­.!�V­.±9·Ü
.�½Â"3±���±w�ù«©a�{��?�Ú��â"
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1. A�Vg

A�Vg

éu��än �gCþ����§5`, ek�¼êu 3,�n
�«�Sk��ëY �ê, �3d«�SØ
��(n− 1) �1
w­¡S(n = 2 �§´­�) 	, k��ëY �ê, ¿??÷v
�§, Ó�u ��� �ê3S þ��m4�þ�3(äk1�a
mä), @o¡ù�¼êu ��§�fmä)"

�k� à�²n�ÆêÆ�ÚOÆ�

êÆÔn�§1oÙ



���5�§�©a ���5�§�A�nØ na�§�'�

1. A�Vg

±mDÂÅ�~, §3x− at = ~ê�A��þ�~ê"Ï
d,XJ�mDÂÅu = f(x− at) 3Ð©t = 0 ����

ϕ(x) =

{ (
x2 − 1

)2
, |x| 6 1,

0, |x| > 1,

Ù¥¼êϕ(x) 3x = ±1 ?���êëY!���êkmä, K
�A�mDÂÅ/ª�)�

u(x, t) =

{ [
(x− at)2 − 1

]2
, |x− at| 6 1,

0 , |x− at| > 1.

§3x− at = ±1 ?kfmä"Xc¤ã, þã)´kÔn¿Â
�, 
x− at = 1 �x− at = −1 ùü^fmä�TL«Å�c

¡��
¡"
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2. A��§

A��§

3n ��m(x1, x2, · · · , xn) �,«�Ω þ, �	e¡�����
�5�§

n∑
i,j=1

aij
∂2u

∂xi∂x
+

n∑
i=1

bi
∂ · u
∂xi

+ cu = f, (2.1)

Ù¥aij , bi(i, j = 1, · · · , n), c 9f �x = (x1, · · · , xn) �®�¼
ê"·�¯, 3�o^�e���­¡(1)

S : ϕ (x1, · · · , xn) = 0 (2.2)

XJ3ϕ = 0 þ�½
¼êu 9Ù¤k�� �ê��, UØU
|^ù
�±9�§(2.1) 5��/û½u ��� �ê? w,,
XJU
��/3S þû½u ��� �ê��, @oϕ = 0 Ò
Ø�U¤�,�fmä)u �fmä­¡"
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2. A��§

Äk�	S ��I�²¡xn = 0 �AÏ�/"e3S þu 9
Ù�� �ê ∂u

∂xi
(i = 1, · · · , n) ���®��(x1, · · · , xn−1) �

¼ê, Kw,�� �ê ∂2u
∂xı∂xj

(i = 1, · · · , n; j = 1, · · · , n− 1)

3S þ���±ÏLò ∂u
∂xi
éxj ¦�
��û½"Ïd, �eI

�û½��´�� �ê ∂2u
∂x2n
3S þ��"

�k� à�²n�ÆêÆ�ÚOÆ�

êÆÔn�§1oÙ



���5�§�©a ���5�§�A�nØ na�§�'�

2. A��§

|^�§(2.1) ´�, eann (x1, · · · , xn−1, 0) 6= 0, Ò�±3S

þ��/û½Ñ ∂2u
∂x2n
��"
e¤á

ann|s = ann (x1, · · · , xn−1, 0) = 0, (2.3)

ÒØU3S þ��/û½Ñu ����� �ê"Ïd, (2.3) Ò
´�I�²¡xn = 0 �U¤��§(2.1) �,�fmä)�fm
ä¡�^�"
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2. A��§

y3£�����/(2.2) "-x0 =
(
x0

1, · · · , x0
n

)
´S þ?

¿�½��:,K�½�±é���gCþ��_C
�ξi = gi (x1, · · · , xn) , (i = 1, · · · , n), òx0 C�ξ �I¥��:,

òx0 3S þ�����C��ξ �I¥�:3ξn = 0 þ��
���"¯¢þ, Ïb�3�­¡(2.2) þ,

k
(
∂ϕ
∂x1

, · · · , ∂ϕ∂xn
)∣∣∣
x=x0

6= 0, u´, ��k,�j(1 6 j 6 n),

¦ ∂ϕ
∂xj

∣∣∣
x=x0

6= 0 "Ø��j = n, -

{
ξi = xi − ẋ0

i (i = 1, · · · , n− 1),
ξn = ϕ (x1, · · · , xn)

(2.4)
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2. A��§

´�ù�gCþC�òx0 C��ξ �I¥��I�:, �Ù

3x0 :�ä�'(Jacobi) 1�ª� ∂ϕ
∂xn

∣∣∣
x=x0

6= 0, Ï
§´3x0

��¥����_C�, ¿ò�­¡(2.2) C���I�²
¡ξn = 0 "3�IC�(2.4) e, k{

∂u
∂xi

=
∑n

k=1
∂u
∂ξk

∂ξk
∂xi

,
∂2u

∂xi∂xj
=
∑n

k,l=1
∂2u
∂ξk∂ξl

∂ξk
∂xi

∂ξl
∂xj

+ ��¹u ��� �ê��,
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2. A��§

u´�§(2.1) Òz�

n∑
k,l=1

ãkl
∂2u

∂ξk∂ξl
+ · · · = f (2.5)

�/ª,Ù¥��Ñ��=�¹u 9u ��� �ê,


ãkl =

n∑
l,j=1

aij
∂ξk
∂xi

∂ξl
∂xj

. (2.6)
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2. A��§

d(2.3)ª,Ò���x0 3S þ����U¤�(2.1) �,�f
mä)�fmä¡�7�^��

ãnn (ξ1, · · · , ξn−1, 0) = 0,

=
n∑

i,j=1

aij
∂ξn
∂xi

∂ξn
∂xj

∣∣∣∣∣∣
ξn=0

= 0.
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2. A��§

5¿�(2.4)ª����ª, þªq���

n∑
i,j=1

aij
∂ϕ

∂xi

∂ϕ

∂xj
= 0 (2.7)

3S þx0 �����¥¤á"dux0 ´S þ�?¿�:, Ò�
�: 3S þ¤á(2.7) ª´S �U¤��§(2.1) �fmä)�f
mä¡�7�^�"XJ3­¡S þ¤á(2.7) ª,Ò¡S ��
§(2.1) �A�­¡"
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2. A��§

A���Vg

éu���½�:x, XJLT:���l (α1, · · · , αn) ÷vA�
�§

n∑
i,j=1

at,α1αj = 0 (2.8)

K¡l �d:x �A���"du
(
∂ϕ
∂x1

, · · · , ∂ϕ∂xn
)
L«�­

¡ϕ = 0 �{�,¤±A�­¡�Ò´z:�{��A����
­¡"
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3. ~K

~K1

éuü�gCþ����5 �©�§

a11
∂2u

∂x2
+ 2a12

∂2u

∂x∂y
+ a22

∂2u

∂y2
+ b1

∂u

∂x
+ b2

∂u

∂y
+ cu = f,

ÙA��§�

a11α
2
1 + 2a12α1α2 + a22α

2
2 = 0 ?

÷vþã'Xª���(α1, α2) �A���(1)"T�§�A��
÷v

ϕ(x, y) = 0

a11ϕ
2
x + 2a12ϕ2ϕy + a22ϕ

2
y = 0.

ùÒ´§1 ¥A�­�÷v��§"
�k� à�²n�ÆêÆ�ÚOÆ�
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3. ~K

~K2 .Ê.d�§

∂2u

∂x2
1

+
∂2u

∂x2
2

+ · · ·+ ∂2u

∂x2
n

= 0

�A��§�
α2

1 + α2
2 + · · ·+ α2

n = 0,

Ïd.Ê.d�§vk¢�A���"
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3. ~K

~K3 9D��§

∂u

∂t
= a2

(
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2

)
�A��§(2.8) �

α2
1 + α2

2 + α2
3 = 0

du(2.9)ª,Ak

α2
0 + α2

1 + α2
2 + α2

3 = 1,

�α2
0 = 1 "ÏdA�­¡��²¡t = const"9D��§��

Ü¯K�Ð©^�T|�3A�¡t = 0 þ,ùÚÅÄ�§��/
ØÓ; éÅÄ�§��Ü¯K5`, ÙÐ©²¡t = 0 ��A�
¡"
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1. �5�§�U\�n

�5�©�§Vg

·���, ¤¢�fL ´�5�, Ò´�§÷v�\5^�

L [C1u1 + C2u2] = C1L [u1] + C2L [u2] , (3.1)

Ù¥C1, C2 �?¿�½�~ê"XJL ´�5�©�f, @o�
§

Lu = f

¡��5�©�§"AO/, �f ≡ 0 ��§

Lu = 0

¡�àg�"
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1. �5�§�U\�n

U\�nI �ui ÷v�5�§(½�5½)^�)

Lui = fi (i = 1, · · · , n),

K§���5|Üu =
∑n

i=1Ciui (Ù¥C1, · · · , Cn �?¿�½
�~ê)7÷v�§(½½)^�)

Lu =

n∑
i=1

Cifi.

AO/, �ui(i = 1, · · · , n) ÷vàg�§(½àg½)^�) �, u
�÷vdàg�§(½àg½)^�)"
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1. �5�§�U\�n

UUU\\\���nnnII �u §÷v�5�§(½�5½)^�)

Lu1 = fi (i = 1, 2, · · · ),

qb�§���5|Üu =
∑∞

i=1Ciui ÷v�½�^�(1), @
ou ÷v�§(½½)^�)

Lu =

∞∑
i=1

Cifi.

AO, �ui(i = 1, 2, · · · ) ÷vàg�§(½àg½)^�) �, u �
÷vdàg�§(½àg½)^�)"
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1. �5�§�U\�n

UUU\\\���nnnIII �u (M,M0) ÷v�5�§(½�5½)^�)

Lu = f (M,M0) ,

Ù¥M0 �ëê"qb�U(M) =
∫
u (M,M0) dM0 ÷v�½�

^�(2), @oU(M) ÷v�§(½½)^�)

LU =

∫
f (M,M0) dM0.

AO, �u ÷vàg�§(½àg½)^�)�, U �÷vdàg�
§(½àg½)^�)"ù
U\�n�´�©²w�, �§�%
´�5�§Nõ­�){�Ä:"
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1. �5�§�U\�n

~X, �^©lCþ{)àg�§�, Ò´|^�§Ú>.
^��àg��5�5�, r)L«�÷v�§Ú>.^���
X�A)�U\, ¿¦ÙÚTÐÎÜÐ©^�"qX, 3^àg
z�n¦�àg�§�)�,�´r�àg�§�)À��X�
3A½Ð©^�e�àg�§�)�U\
�E���"3�Ö
1�Ù¥0��Fp�C�{�1nÙ¥0����¼ê{,�
|^
U\�nù�Ä�5�"·��Ñ, é��5�§(½ö´
�5�§äk��5½)^�)��/,U\�nØ¤á"d�,
3�5¯K¥Nõ1�k���{ÒØU��¦^, 
7L,	
Ï¦#��{, ¤±éu��5�§�?Ø  '�5�§�(
J�õ"
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2. )�5��'�

2. )))���555������'''���

c�ã¥`�´na�§±����5�§��5,y3·�5
�Ñna�§��
�É"§��mêÆ5���É  ´�A
�Ôny�����É3êÆþ�Ly"e¡·�éna;.�
§5QãÙ�O"éu���CXê�§, �¹�E,
,�E¤
áaq�(Ø"
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2. )�5��'�

(1) )))���111www555 3²;¿Âe, ������ �©�§�),
�¦k�§¥Ñy�@
�� �ê, ¿��¦§�ëY"Ï

é²;)5`, §o´¤�Ä«�¥��1w�¼ê"�´, é
ØÓa.��§5`, )�1w§Ý�±éØ�Ó"~X, éu
�Ä�§5`, l�K��úª��, XÐ©^
�u(0, x) = ϕ(x), ut(0, x) = ψ(x) ¥�ϕ(x) ∈ C2, ψ(x) ∈ C1,
�ϕ(x) �n��êØ�3, K)�n� �ê�Ø�3"ép�
ÅÄ�§, |^Ñtúª��w�aq�¯¢"éu9D��§
5`, �¹ÒØ��, l9D��§)�L�ª(�1�
Ù(3.22)ª) �±�y, ��Ð©^�ϕ(x) ´k.�, )u(x, t)
3t > 0 �Ò´Ã¡���; 
�òt �½�, )�´�mCþ�
)Û¼ê"
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2. )�5��'�


�òt �½�, )�´�mCþ�)Û¼ê"éu.Ê.
d�§, Ù)�1w5�Ð, §�?ÛëY)3)�½Â«�S
Ñ´)Û¼ê"�±lna�§¤�L�Ôny�5)ºù
¯
¢".Ê.d�§£�²ï�­½�G�, L�ù
G��)A
T´�~1w�; 9D�y�äkU×�/ªu²ï�A:, Ï

)�'�1w"
V­.�§¤£��Å�DÂy�, %¿Ø
Xd"3Å�DÂ¥, �±ò�½�fmä5�3e5(~X�3
Å
¡), Ï
)Ò�UØé1w; 3)��2�¿Âe, $��
�±k��r�mä5�)"N��Ñ, X�§k�àg�½ö
´CXê��ÿ, )�1w5���É�Xê��àg��1w
5�K�"
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2. )�5��'�

(2) )))���444���555��� .Ê.d�§�9D��§Ñ�34��n,
�§�¤æ��/ª´k
«O�"é.Ê.d�§
ó, §�
)�N®?u­½G��Ônþ, Ï
�)Ø´~ê�, 3SÜ
ØU�4�; Ó�, Ù>.���Ü©�Kþvk�o��þ�
«O, Ï
4��U3>.þ?�?��"�u9D��§, d
u9þ�DÂ�Ýé¯, ¤±Ð©�XSÜk4�, @o3t > 0
�SÜ4�Ò×���, Ï
«�SÜ����ØU�L«�Ð
©��9ý¡>.þ����"V­.�§Ï~Òvkù��5
�, ù´Ï�Å�DÂ�±p�U\, 6ÄO��y�  ¬3
U\�Ñy"
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2. )�5��'�

(3) KKK���«««���������666«««��� lK�«�Ú�6«�5w,na�§
�ké��«O"éÅÄ�§
ó, �:�K�«��±T:�
º:�þ�Ñ�A�ISÜ(3n���I�L¡), û½A�I
�Ý�a Ò´Å�DÂ�Ý; �:��6«�Ò´±T:�º:
�e�Ñ�A�I�²¡t = 0 ¤���(½¥¡)"é9D��
§
ó,�:�K�«�´T:±þ���þ�²¡, Ï���²
L�]�, 34�?Ò¬É�T:6Ä�K�, 6ÄDÂ��Ý
q�´Ã��; 
�:��6«mÒ´����t = 0 "

�k� à�²n�ÆêÆ�ÚOÆ�
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2. )�5��'�

y3�	.Ê.d�§,§´½~.�,Ï
vkDÂ�Ý,�
·��±�Äù��¯K: 3>.­¡Γ �Ü©­¡Γ1 þ�ÑØ
�u"�>.�, 
3Ù{Ü©Γ− Γ1 þb½)�", d��A
>�¯K�)u(x, y, z) ´Ä�´3«�Ω ��Ü©«�Ω1 þ�
Ø�u"��,
3Ù{Ü©Ω− Ω1 þð�"? XJù�,@où
Ü©«�Ω1 Ò�±¡�­¡Γi �K�«�"£�´Ä½�,Ï�
�âNÚ¼ê�)Û5½n,XJu 3�é�«�þð�u", K
§73��«�þð�u", l
3Γ1 þ��U��u"�>.
�"Ïd3­¡Γ þ?¿��Ü©Γi �Ñ>.�, §�K�«�
7´�Ü«�Ω "N��Ñ, du)Û5½néué2���a
ý�.�§¤á,Ï
ù¯¢��±í2�ùa�§"

�k� à�²n�ÆêÆ�ÚOÆ�

êÆÔn�§1oÙ
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2. )�5��'�

þ¡�?Ø��dù
�§¤�N�Ôny�5`²"ÅÄ
�§¤�N�ÅDÂy�äk�½�DÂ�Ý, Ï
�:�Ð©
^��K���´��IN,�:��6«��´�IN"du
9D��y�´?1��©×��, Ï
3�§¥ÒCq/�N
�Ã¡�DÂ�Ý, ¿Ly¤9D��§�K�«��Ã��"
�u.Ê.d�§, §L«½~G�, ½²ïG�, ù�Ø7�Ä
�m�Ï�, Ï
Ø�)K��DÂ�Ý¯K"

�k� à�²n�ÆêÆ�ÚOÆ�

êÆÔn�§1oÙ
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2. )�5��'�

(4)'u�m��ü

é�m��ü¯K�Ôn¿Â§´�	�AÔnG��CzL§

´Ä�_�"

��ÔnG�,ÙCzL§��_�´�: �3,
	.^�eU

,«5ÆCz��ÔnG�, 3��t1 �?uG�A, ���t2 �

C�G�B; XJ3t2 ���G�B �±÷X���CzL§£

E��5�G�A, 
¦	.^�Øu)Ù¦�Cz, @o·�Ò

`ùÔnG��CzL§´�_�,ÄK, ·�Ò`ùÔnG��

CzL§´Ø�_�"

�k� à�²n�ÆêÆ�ÚOÆ�

êÆÔn�§1oÙ
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2. )�5��'�

(4)'u�m��ü

�ÔnG��CzL§´Ä�_3êÆþ�N�¤8(Ñ5

��§'u�mCþt ´Ä´é¡�,=±−t �Ot ��§
´ÄØC"

3.Ê.d�§¥ØÑy�mCþ, Ï
Ø¬�)'u�m

��ü¯K"

�k� à�²n�ÆêÆ�ÚOÆ�
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2. )�5��'�

(4)'u�m��ü

Å�DÂ´���_L§"

¯¢þ,�±u(x, t) L«£�Å�DÂL§, §÷v�§

∂2u

∂t2
= a2

∂2u

∂x2
,

3��t = 0, ÙÔnG��u(x, 0);


3��t = t0 �, ÙÔnG��u (x, t0) "

�k� à�²n�ÆêÆ�ÚOÆ�

êÆÔn�§1oÙ
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2.)�5��'�

(4)'u�m��ü

XJ��	lt0 ��G�u (x, t0) ÷�5CzL§�_�L§U

Ä£E�t = 0 ��G�u(x, 0), ��3t 6 t0 �¦)e¡�½)

¯K: 
∂2u
∂t2 = a2 ∂2u

∂x2 ,

u|t=t0
= u (x, t0) ,

∂u
∂t

∣∣
t=t0

= ut (x, t0) ,

(3.2)

�k� à�²n�ÆêÆ�ÚOÆ�

êÆÔn�§1oÙ



���5�§�©a ���5�§�A�nØ na�§�'�

2.)�5��'�

(4)'u�m��ü

¿w§30 6 t 6 t0 ��G�´Ä��5�G�u(x, t) �ÎÜÒ1
"�C�t′ = t0 − t,

þ¡�¯KÒz�3t′ > 0 �¦)
∂2ũ
∂t′2

= a2 ∂2ũ
∂x2

,

ũ|t′=0 = u (x, t0) ,

∂ũ
∂t

∣∣
t′=0

= −ut (x, t0) .

(3.3)

N´wÑ, ù�¯K�)Ò´

ũ
(
x, t
′)

= u
(
x, t0 − t

′)
= u(x, t). (3.4)

Ïd, Å�DÂG�lt′ = 0 (t = t0) Cz�t′ = t0(t = 0) �L§ũ
(
x, t′

)
��uu(x, t)

lt = t0 Cz�t = 0 �L§, =ũ
(
x, t′

)
´u(x, t) �_CzL§"

�k� à�²n�ÆêÆ�ÚOÆ�
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2.)�5��'�

(4)'u�m��ü

éu9D��§, �¹ÒØ��"X±u(x, t) L«£�9D�L§�¼ê,§÷v9D��§

∂u

∂t
= a

2 ∂2u

∂x2
,

@oũ
(
x, t′

)
= u

(
x, t0 − t′

)
¤÷v��§�

∂ũ

∂t
+ a

2 ∂2ũ

∂x2
= 0,

��5�9D��§ØÓ"�d�A�´é9D��§3«�t < 0 S¦)�Ü¯KÏ~´

Ø·½�"3ÔnÆ¥ù´²w�,Ï�9D��§¤£ã�Ôny�XD�!*Ñ�Ñ´d

p�$!d��D�ü�Cz,ù«CzL§´Ø�_�"

�k� à�²n�ÆêÆ�ÚOÆ�
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2.)�5��'�

(5))�ìC5�

ÅÄ�§Ú9D��§Ñ¹k�mCþt "�´, 3vk	åÚ{Z��/e, ÅÄ�§£ã

�´��UþÅð��ÅXÚ(�1�Ù), 
9D��§£ã�´9�D�½Ô��*Ñù�

�ÑÑL§"


uXdØÓ�Ôn�µ, ��mCþt ªuÃ¡�, )�ìC5��ké��ØÓ"X31

�Ù¤ã, é3k.«m[0, l] þäàg1�a½1�a>.^��ÅÄ�§�Ð>�¯K, Ù

Uþ¼ê´Åð�, �l)�L�ª(3.15) ����, )L«�¹ksin kπa
l t 9cos kπal t �

n�?ê, �)¿ØP~"
9D��§�Ð>�¯K�), X31�Ù¤�, ´±�êP~

��{ªu§�²ï��"

�k� à�²n�ÆêÆ�ÚOÆ�
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2.)�5��'�

(5))�ìC5�

,��¡, l1�91�Ù�(J�±w�, ÃØ´ÅÄ�§�´9D��§, 3)�ìC5

��¡5`, Ð>�¯K�)�Ð�¯K�), �ké��ØÓ"~X, éÅÄ�§5`, Ùä

àg1�a½1�a>.^��Ð>�¯K�)¿ØP~, �´, éÐ�¯K
ó, 3n��

mCþ�, �Ð�´;|8�, �t→ +∞ �, )±t−1 �P~Çªu""

��/, �±y², 3n ��mCþ��/, )9Ù �ê¬±t−
n−1
2 �P~Çªu", =P

~Ç´Ú�mCþ��ên k'�"é9D��§5`, Ð�¯KÚÐ>�¯K�m��O�

é²w"é9D��§äàg1�a½1�a>.^��Ð>�¯K, Ù)o±�êP~Çª

u§�²ï�, 
éÐ�¯K
ó, )K±t−
n
2 P~Çªu", Ù¥n ´�mCþ��ê"ù


5�,é�A���5�§�ïÄ´�~k^�"

�k� à�²n�ÆêÆ�ÚOÆ�
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3. ½)¯KJ{�'�

duna�§¤�N�Ôny�ké���O, ¤±§��U���½)¯K�k

é���O"~Xéý�.�§(±.Ê.d�§��L) 
ó, §�N
�
á

u­½!²ïG��Ônþ�©ÙG¹, Ïd3Ù½)¯K¥, �k>.^�
v

kÐ©^�, ���ØJ�Ü¯K�Ð>�¯K"éV­.�§(±u�Ä�§�

�L) ��Ô.�§(±9D��§��L), �,Ñ�±J�Ü¯K�Ð>�¯K,

�§�¤I��Ð©^��ê�Ø�Ó, é�Ô.�§��Ü¯KÚÐ>�¯K,

ÙÐ©^��I���,
éV­.�§5`,%I�ü�Ð©^�"

�k� à�²n�ÆêÆ�ÚOÆ�
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3. ½)¯KJ{�'�

XJ·�òu�Ä�§!���mCþ�9D��§±9ü�gCþ�.Ê.d

�§©O�¤e�/ª
∂2u

∂x2
−
∂2u

∂y2
= 0,

∂2u

∂x2
−
∂u

∂y
= 0

9

∂2u

∂x2
+
∂2u

∂y2
= 0. (3.5)
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3. ½)¯KJ{�'�

3xOy ²¡�«�0 6 x 6 a, 0 6 y 6 b þ�Äù
�§�½)¯K, c¡ïÄL

��
½)¯K¥�½)^��J{�±^ã4.1 L«"ég,¬��ù��¯

K, ´Ä�±é.Ê.d�§JÑ�Ü¯KÚÐ>�¯K, éu�Ä�§�9D�

�§JÑ)|�X¯KQ?

�k� à�²n�ÆêÆ�ÚOÆ�
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3. ½)¯KJ{�'�

·�F"lêÆnØþéù�¯K�±©ÛÚ£�"����/`²é�«�§

�±JÑN��½)^�¿Ø´��N´�¯�, §´��;�ïÄ��K"e¡

·�=Þ~`²k
½)¯KØ÷v·½5��¦, l
ù
½)¯K�J{´Ø

�õ�"

�k� à�²n�ÆêÆ�ÚOÆ�
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3. ½)¯KJ{�'�

½)¯K·½5

·½5�¹�35!��5Ú­½5n�¡SN

Definition

(1)�35´�¤?Ø�½)¯K��k��)

(2)��5´�ù�¯K�)�õ�k��

(3)­½5´�Ñy3½)^�¥�]�Czé��,¯K�)�

Czé�

�k� à�²n�ÆêÆ�ÚOÆ�
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­½5�äN`²

�¼ê�mΦÚU Ñ�Uì,«�ª5½��ål


/¤��ål�m"

@o§­½5�¦�L«��Φ ¥��ϕ1, ϕ2 �å

lρ (ϕ1, ϕ2) ¿©��, �A�)u1, u2 3U ¥�å

lρ (u1, u2) �¿©�"

Ïd§¼êϕ1, ϕ23�mC0, Ck±9Hk��me�

ål�

max |ϕ1 − ϕ2| , max
06i<k

∣∣Diϕ1 −Diϕ2

∣∣ ,[∫
Ω06i6k

∣∣D′ϕ1 −D′ϕ2

∣∣2 dΩ

]1/2

,

�k� à�²n�ÆêÆ�ÚOÆ�
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Ø­½�½)¯K

~K

òy w¤�mCþ,�	.A.d�§�Ð>�¯Kµ

∂2u

∂x2
+
∂2u

∂y2
= 0, 0 < x < π, y > 0, (3.6)

u|y=0 = 0,
∂u
∂y

∣∣∣
y=0

= 1
nk

sinnx (n 9k þ���ê),

u|x=0 = u|x=π = 0.

(3.7)

)µ$^©lCþ{�¦�T¯K�)�

�k� à�²n�ÆêÆ�ÚOÆ�

êÆÔn�§1oÙ



���5�§�©a ���5�§�A�nØ na�§�'�

un(x, y) =
1

nk+1
sinnx shny.

�±y²d½)¯K�)´���"�N´wÑù��½)
¯K�)%¿Ø´­½�, Ï�rù½)¯K�)Ú�§(3.6) ÷
vàg�Ð©^��>.^�

u|y=0 =
∂u

∂y

∣∣∣∣
y=0

= u|x=0 = u|x=π = 0 (3.8)

�)u0(x, y) ≡ 0 �'�, �,§�÷vÓ��>.^�, 

�n→∞ �, un ¤÷v�Ð©^���±9§���k − 1 ��
êÑ��/ªuu0 ¤÷v�àgÐ©^�, �¤éA�)

un(x, y) =
1

nk+1
sinnx sh ny

Ø=Ø��/ªu", 
�éu?¿�½��:(x, y), y > 0, §
Úu0 ≡ 0 ����Ì%ªuÃ¡; Ø=Xd, §���²��È
©�k� à�²n�ÆêÆ�ÚOÆ�

êÆÔn�§1oÙ
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‖un − u0‖2 =

∫ y

0

∫ π

0

(
1

nk+1
sinnx shny

)2

dxdy

=
π

8n2k+3
(sh 2ny − 2ny)

�n→∞ ��´ªuÃ¡�"ùÒ´Í¶�C�ê(Hadamard)
�~f"§`².Ê.d�§�Ð>�¯K¦+)�U�3¿�
��, �¿Ø´­½�"aq�~f�±`².Ê.d�§�Ü
¯K�Ø­½5"2�	u�Ä�§�)|�X¯K"�d,ò
ù��§�¤

∂2u

∂ξ∂η
= 0 (3.9)

�/ª,¿3dξ = a, η = b, ξ ¶Úη ¶�¤�Ý/«�þ¦))
|�X¯K(ã4.2), ¤��>.^�´
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
u(ξ, 0) = f1(ξ) (0 6 ξ 6 a),

u(0, η) = f2(η) (0 6 η 6 b), (3.10)

u(ξ, b) = f3(ξ) (0 6 ξ 6 a),

u(a, η) = f4(η) (0 6 η 6 b).

(3.10)
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�¦>.^�ëY, ·��Ik

f1(0) = f2(0), f1(a) = f4(0), f3(0) = f2(b), f3(a) = f4(b)

��N5^�"du�§(3.9) �Ï)�

u = f(ξ) + g(η),

d(3.10) ¥�c¡ü^�®U��û½)�L�ª�

u = f1(ξ) + f2(η)− f1(0).

¤±,7L¤á

f3(ξ) = f1(ξ) + f2(b)− f1(0),

f4(η) = f1(a) + f2(η)− f1(0),

ÄK¤J�½)¯KÒØ¬k)"Ï
·���ØUJÑu�Ä
�§�)|�X¯K"

�k� à�²n�ÆêÆ�ÚOÆ�
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k��O

1.k��O�0�

k��O:�aêÆÔn�§½���� �©�§nØï

Ä¥��«~^�{"

äNg´µ3¤?Ø�½)¯Kk)�3�k�b½e§�

Ñ)¤÷v��O"£~^��Ok����O!þ��O

�¤

`::

1 k��O��k�U��Jø'u)�k.5!ì?5��

¡�&E"

2 ���±é¯���A½)¯K)���5Ú­½5"

3 (ÜÙ¦�{§��±|^k��OíÑ¤�	½)¯K�

�35
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k��O

2. ý�.�§)�����O-0�

�Ω �Rn ¥äk1�>.Γ �k.«�, ∆ =
∑n

i=1
∂2

∂x2i
�

Ùþ�.Ê.d�f, ?ØΩ þNÚ�§)|�X¯K{
∆u = f(x),
u|Γ = ϕ(x)

(4.1)

�)�����O"3d·�®^x {PR∗ ¥�:,
=x = (x1, · · · , xn) "·�ky²±e�4��n"
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k��O

½n4.1 £f4��n¤

�u ∈ C2(Ω) ∩ C(Ω̄) 3Ω ¥÷v

∆u > 0, (4.2)

K¤á
max
a

u = max
Γ

u (4.3)

ye(4.2) �î��Ø�ª, KN´��(4.3) ª"¯¢þ, eu

3Ω SÜ,:P �4��, Ké��i Ñk∂2u
∂x2i

(P ) 6 0, l


∆u > 0 Ø�U¤á"2�Ä(4.2)��î�Ø�ª��/"é
u?¿�½�ε > 0, -w = u+ εex1 , K

∆w = ∆u+ εex1 > 0,

u´w �����U3>.þ��, l
k

max
σ

u(x) 6 max
σ

w(x) = max
Γ

w(x) 6 max
Γ

u(x) + εmax
r
ex1 ,

2-ε→ 0, =�(4.3) ª"
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k��O

54.1

�1nÙ¥y²NÚ�§�)¤÷v�4��n�', Ø�

ª(4.2) '�A��ª^��°
, 
�þã�y²�{�·^u

?Ø�����5ý�.�§��/"�¤���(Ø�/��

�73>.þ��0, §'/Øð�u~ê	, ���ØU3S

Ü��0�(Ø�f,�½n4.1 �¡�f4��n"|^½

n4.1 �±��¯K(4.1) �)�����O"
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k��O

½n4.2 £)�����O¤

|^½n4.1�±��¯K£4.1¤�)�����O"Xe
�u ∈ C2(Ω) ∩ C(Ω̄) ´¯K(4.1) �), K¤á

max
a
|u| 6 Φ + CF, (4.4)

Ù¥Φ = maxΓ |ϕ(x)|, F = supΩ |f(x)|, 
C ´��6un �Ω
��~ê"yØ��Ω  u�/«�0 < x1 < d ¥, �9Ï¼ê

v(x) = Φ +
(
eadt − eax1

)
F, (4.5)

Ù¥a > 1 "u´, 3Ω ¥k

∆(u− v) = f + a2ear, F > 0, (4.6)


3>.Γ þ
u− v 6 0. (4.7)

�d½n4.1 �u− v 6 0 3Ω SÜ�¤á"�C = ead − 1, =�

max
i
u 6 Φ + CF .
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k��O

2. 9D��§)�����O

�Ω �Rn ¥äk1w>.Γ �k.«�,?Ø9D��§3

«�QT = Ω× (0, T ) þ�Ð>�¯K
ut − a2∆u = f(x, t),

u|t=0 = ϕ(x),

u|Γ×(0,T ) = g(x, t),

(4.8)

�±ïá±e�����O"½n4.3

�u(x, t) ∈ C2 (QT ) ∩ C
(
Q̄T
)
´¯K(4.8) �),K

max
QT
|u| 6 FT +B, (4.9)
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Ù¥
F = sup

QT

|f |,

B = max

{
max
x∈Ω
|ϕ|, max

x∈Γ,06s6T
|g|
}
.

yÄk,|^y²1�Ù½n4.1 �Ó��{�±y²í2�

4��n: ew(x, t) ∈ C2 (QT ) ∩ C0
(
Q̄T
)
, �3QT ¥÷v

wt − a2∆w 6 0, (4.10)

Kw(x, t) �4��73QT ��Ô>.

ΣT : {t = 0, x ∈ Ω} ∪ {x ∈ Γ, 0 6 t 6 T} þ��"

�k� à�²n�ÆêÆ�ÚOÆ�
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-

w(x, t) = u(x, t)− Ft−B. (4.11)

´�3QT ¥

wt − a2∆w = f − F 6 0.

d	, �âB �À���w(x, t) 3öÔ>.ΣT þ��, ¤

±dí2�4��n�w(x, t) 3Q̄T ¥��, l


max
QT

u(x, t) 6 FT +B.

Ón, maxQT (−u) ��Ó��þ.¤��.duÅÄ�§v

k4��n,éuÅÄ�§�),��^����O5ïÄ)

�5�, 
�õ�´|^�NÅÄ�§A5�þ���O"

�k� à�²n�ÆêÆ�ÚOÆ�
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3. V­.�§)�Uþ�O y3�	V­.�§Ð>�¯

K�)�Uþ�O"éuÅÄ�§��/,®31�Ù$6 ¥

?1
?Ø, ±e?Ø��/ª����5V­.�§��

/"E�Ω �Rn ¥�k.«�,�ä1w>.Γ, 3«

�QT = Ω× (0, T ) ¥�	��V­.�§

∂2u

∂t2
−

n∑
i,j=1

aij(x, t)
∂2u

∂xi∂xj
+

n∑
i=1

bi(x, t)
∂u

∂xi

+b0(x, t)
∂u

∂t
+ c(x, t)u = f(x, t).

(4.12)

�k� à�²n�ÆêÆ�ÚOÆ�
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3d,·��Xe�b�:

(i) Xêaij , bi, b0, c 9mà�f Ñ´Q̄T þ�ëY¼ê,


�a1j 3Q̄T þ�äk��ëY �ê"

(ii) é��i, j = 1, · · · , n, ¤áaij = aj , ��3�~êα > 0,

¦�é��(x, t) ∈ Q̄T 9?¿�½�¢�þ(ξ1, · · · , ξn), ¤

á

n∑
i,j=1

aij(x, t)ξiξj > α

n∑
i=1

ξ2
i . (4.13)
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y�½Xe�Ð©^�9>.^�µ

t = 0 : u = ϕ(x),
∂u

∂t
= ψ(x), x ∈ Ω, (4.14)

u|ΣT = 0, (4.15)

Ù¥ΣT = Γ× (0, T ) �«�QT �ý>."(4.12),

(4.14)9(4.15)�¤
V­.�§�Ð>�¯K"éuù�

Ð>�¯K�)u(x, t), Ú\Uþ¼ê

E(t) =
1

2

∫
Ω

u2
t +

n∑
i,j=1

aijuxiuxj

 dx, (4.16)

K¤á±e�Uþ�Oª"
�k� à�²n�ÆêÆ�ÚOÆ�

êÆÔn�§1oÙ
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½n4.4 eu(x, t) �Ð>�¯K(4.12), (4.14) 9(4.15) �),

Uþ¼êE(t) U(4.16) ½Â, K¤áUþ�Oª

E(t) 6 E(0)eCt + CeCt
∫ t

0

∫
Ω
f2dxdt, 0 6 t 6 T, (4.17)

Ù¥C ���Ø�6uu ��~ê"y XÓÅÄ�§�/

��,E±∂u
∂t ¦±(4.12)ª,¿3Ω þ'ux È©, Ò��é

?Ût(0 6 t 6 T ) ¤á
∫

Ω utfdx =

∫
Ω

ututt − ut n∑
i,j=1

aijuxi,xj + ut

n∑
i=1

biuxt + b0u
2
t + cuut

 dx

(4.18)

�k� à�²n�ÆêÆ�ÚOÆ�
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(4.18) ª�à�1���±�� d
dt

∫
a

1
2u

2
tdx;éÙ1��|^

��úª?1©ÜÈ©, ¿5¿�>.^�(4.15) (§Û¹

X
(
ut|ΣT = 0

)
, >.È©��", 2|^Xêaij �é¡5,

l
(4.18) ª�±��
∫

Ω utfdx =

d

dt

1

2

∫
Ω

u2
t +

n∑
i,j=1

aijuxiuxj

 dx

+

∫
Ω

n∑
i,j=1

ut (aij)xj uxidx

− 1

2

∫
Ω

n∑
i,j=1

uxj (aij)t uxidx+

∫
Ω

(
ut

n∑
i=1

biuxi + b0u
2
t + cuut

)
dx,

(4.19)
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¿{P�

dE

dt
=

∫
Ω
p (u, ut, ux) dx+

∫
Ω
utfdx, (4.20)

Ùmà1��L«ò(4.19) �màØdE
dt 	�¤kÙ{È©

�£�mà�(J"d'uXê��5b�(i), k∣∣∣∣∫
Ω
p (u, ut, ux) dx

∣∣∣∣ 6 C1

∫
Ω

(
u2 + u2

t +
n∑
i=1

u2
x1

)
dx (4.21)

Ù¥C1 ����u Ã'��~ê"

�
�Ou2 3Ω þ�È©§·�ky²Xe�¯¢"
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ÚÚÚnnn4.1 �u = u(x) 3k.«�Ω ⊂ Rn þëY��, �3

>.Γ þ�", K¤áXe�666ppp���ppp���ddd (Friedrichs) ØØØ

���ªªª: ∫
0
u2dx 6 C0

∫
0

n∑
i=1

u2
xidx, (4.22)

Ù¥C0 ´���u Ã'��~ê"
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yyy:Ø�Òn = 2 ��/y²dØ�ª,¿Ø��Ω 31��

�S, KdΩ �k.5��Ý/

Ω1 = {0 6 x1 6 a, a 6 x2 6 b} ⊃ Ω,

¿3Ω1\Ω þ½Âu ≡ 0. éu?¿�½��:(x̄1, x̄2) ∈ Ω1,

¤á

u (x̄1, x̄2) =

∫ x1

0
ux1 (x1, x̄2) dx1,

u´|^��](Schwarz)Ø�ª, �

u2 (x̄1, x̄2) 6 x̄1

∫ x1

0
u2
x1 (x1, x̄2) dx1 6 a

∫ a

0
u2
x1 (x1, x̄2) dx1.

�k� à�²n�ÆêÆ�ÚOÆ�
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òþªüà3Ω1 þé(x̄1, x̄2) È©, �∫
Ω1

u2 (x̄1, x̄2) dx̄1dx̄2 6 a2

∫
a1

u2
x1dx1dx2

6 a2

∫
a1

(
u2
x1 + u2

x2

)
dx1dx2.

du3Ω 	u ≡ 0, ��C0 = a2, Ò�∫
Ω
u2dx1dx2 6 C0

∫
Ω

(
u2
λ1 + u2

λ2

)
dx1dx2,

ùÒ´(4.22)ª,Úny."|^(4.22), d(4.21) =k∣∣∣∣∫
a
p (u, u,, ux) dx

∣∣∣∣ 6 C1

∫
0

(
u2
f +

N∑
i=1

u2
x1

)
dx, (4.23)

�k� à�²n�ÆêÆ�ÚOÆ�

êÆÔn�§1oÙ



���5�§�©a ���5�§�A�nØ na�§�'�

k��O

3. V­.�§)�Uþ�O

Ù¥C1 ����u Ã'��~ê"25¿�∣∣∣∣∫
a
utfdx

∣∣∣∣ 6 1

2

∫
Ω

(
u2
ı + f2

)
dx, (4.24)

d(4.20) ¿5¿�(4.13), Ò��Uþ¼êE(t) ÷v

dE

dt
6 C

(
E(t) +

∫
Ω
f2dx

)
, (4.25)

Ù¥C �´���u Ã'��~ê"XÓ1�Ù§5 ?ØÅ
Ä�§��/��,3(4.25) ü>¦±e−ct 2ét È©, =�

�

E(t) 6 E(0)ect + Cec
∫ t

0

∫
a
f2dxdt.

½ny."
�k� à�²n�ÆêÆ�ÚOÆ�
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�ÅÄ�§��/��, |^Uþ�Oª(4.17) =���Ð

>�¯K(4.12),(4.14)9(4.15) �)���5±93þ��

¿Âe)'uÐ©]�9mà��­½5"

4. ���ÔÔÔ...���§§§)))���UUUþþþ���OOO 3QT = Ω× (0, T ) þ�	e

�����Ô.�§

ur −
n∑

1,j=1

aij(x, t)uxi, +

n∑
i=1

bi(x, t)uxi + c(x, t)u = f(x, t),

(4.26)

Ù¥éuXê9mà�Eb�þ�ã¥�(i)!(ii)¤á"d

�Ù§1 �½Â, �§(4.26) ´3QT ¥�ÞÔ.�§"
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y�ÑXe�Ð©^�9>.^�: t=0:

u = ϕ(x), x ∈ Ω, (4.27)

u |Στ = 0. (4.28)

½½½nnn4.5 eu(x, t) �Ð>�¯K(4.26)− (4.28) �),

E(t) = 1
2

∫
a u

2dx, K¤áUþ�Oª

E(t) 6 E(0)ect + ect
∫ t

0

∫
0
f2dxdt, 0 6 t 6 T, (4.29)

Ù¥C ���Ø�6uu ��~ê"

yyy: éu�§(4.26) �)¤½Â�Uþ¼êE(t) = 1
2

∫
a u

2dx

3ÔnþéAuXÚ�/SU0, §�V­.�§�/eU

þ¼ê�ÄU� U(oUþ) �Ú�¿Â´ØÓ�"
�k� à�²n�ÆêÆ�ÚOÆ�

êÆÔn�§1oÙ
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��ÑUþ�Oª(4.29), é�§(4.26) �üà¦±u, ,�

3Ω þ'ux È©, ��∫
Ω
u

u, − ∞∑
i,j=1

aijuxi,x, +

′′∑
i=1

biux1 + cu

 dx =

∫
Ω
ufdx.

(4.30)

þª�à�1�����

d

dt

{
1

2

∫
0
u2dx

}
;

éÙ1��'ux |^��úª?1©ÜÈ©, 5¿�du

>.^�(4.28), ©ÜÈ©¥Ñy�>.È©��""
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u´1�����∫
a

n∑
i,j=1

avjuxjuxjdx+

∫
a

n∑
i,j=1

(
ayj
)
,
uuxjdx.

òþª¥�1��, ëÓ(4.30)�à�1n!1o�£

�(4.30)�ªm>, ¿òÙÚP�∫
0
Q (u, ux) dx,

Kd'uXê���5b�(i) ��, é��0 6 t 6 T ¤á∣∣∣∣∫
0
Q (u, us) dx

∣∣∣∣ 6 CT

∫
0

(
n∑
i=1

|u| |uxi |+ u2

)
dx, (4.31)

Ù¥CT ����6uT ��~ê, ��u Ã'"
�k� à�²n�ÆêÆ�ÚOÆ�

êÆÔn�§1oÙ



���5�§�©a ���5�§�A�nØ na�§�'�

k��O

4. �Ô.�§)�Uþ�O

é?¿�½�ε > 0, k∫
a

n∑
i=1

|u| |uxi | dx 6
ε

2

∫
a

n∑
i=1

|ux1 |
2 dx+

n

2ε

∫
a
u2dx, (4.32)

�ε = α
CT

, d(4.31) Ò��∣∣∣∣∫
a
Q (u, ux) dx

∣∣∣∣ 6 α

2

∫
Ω

∞∑
1=1

|ux1 |
2 + C1

∫
Ω
u2dx. (4.33)
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Ù¥C1 =
nC2

T
2α + CT "ò(4.33) ª�<(4.30), N´��

dE

dt
+

∫
Ω

n∑
i,j=1

a1,uxiux,dx 6
α

2

∫
Ω

n∑
i=1

|uxi |
2 dx+

(
C1 +

1

2

)∫
Ω
u2dx+

1

2

∫
Ω
f2dx. (4.34)

25¿�db�(ii)k∫
0

n∑
t,j=1

ai,uxiuxjdx > α

∫
0

n∑
i=1

|uxi |
2 dx (4.35)

Ò���
dE

dt
6 C2E(t) +

∫
Ω
f2dx, (4.36)

�k� à�²n�ÆêÆ�ÚOÆ�
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Ù¥C2 = 2C1 + 1 "�V­.�§UþØ�ª�í���,
�d(4.36) í�(4.29) ª"y."d½n4.5 �±á�íÑ�Ô
.�§Ð>�¯K(4.26)-(4.28) �)���5, ±93þ��¿
Âe)'uÐ©]��mà��­½5"

�k� à�²n�ÆêÆ�ÚOÆ�

êÆÔn�§1oÙ



���5�§�©a ���5�§�A�nØ na�§�'�

k��O

5. ý�.�§)�Uþ�O

Uþ�O�{��±^u?Øý�.�§�>�¯K"�Ω
´Rn ¥���äk1w>.Γ �k.«�,3Ω ¥�	e���
ý�.�§

n∑
r,j=1

aij(x)uxi,j , +

n∑
i=1

bi(x)ux1 + c(x)u = f(x). (4.37)

�c¡��, ·�b�: (i)Xêa10, bi, c 9mà�f Ñ´Ω̄ þ�ë
Y¼ê, 
�a11 3Ω̄ þ�äk��ëY �ê"(ii) é�
�i, j = 1, · · · , n, ¤áaij = ajn, ��3�~êα > 0, ¦�é�
�x ∈ Ω̄ 9?¿¢�þ(ξ1, · · · , ξn), ¤á

�k� à�²n�ÆêÆ�ÚOÆ�
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n∑
1,j=1

aij(x)ξiξj > α

n∑
i=1

ξ2
i (4.38)

�	�§(4.37) ÷v>.^�

u|Γ = 0 (4.39)

�)|�X¯K"·�k½n4.6 �3��=�6u«�Ω, α ±

9
∣∣∣∂aij∂xj

∣∣∣ , |bi| (i, j = 1, · · · , n) ������~êλ0,

3c(x) 6 −λ0 �, ý�.�§>�¯K(4.37) 9(4.39) �
)u = u(x) ÷v∫

Ω

(
n∑
i=1

|ux,|2 + u2

)
dx 6 C

∫
Ω
f2dx, (4.40)

Ù¥C ���Ø�6uu ��~ê"
�k� à�²n�ÆêÆ�ÚOÆ�
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yé�§(4.37)üà¦±u, ,�3Ω þÈ©, �

∫
Ω

 n∑
i,j=1

aijuxi,xju+

n∑
i=1

biux1u+ cu2

 dx =

∫
Ω
fudx. (4.41)

òþª�à1��|^��úª?1©ÜÈ©, ¿|^>.^
�(4.39), ��∫

ai,j

n∑
j=1

aijuxi,xjudx =

∫
r

n∑
i,j=1

aijuxi cos (n, xj)uds

�k� à�²n�ÆêÆ�ÚOÆ�
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−
∫

Ωi,j=1

n∑
i,

axiuxjuidx−
∫ n

Ωi,j=1

∂aij
∂xj

uxtudx

= −
∫

Ωi,j=1

n∑
ij

aλiuλjdx−
∫

Ωi,j

n∑
j=1

∂aij
∂xj

uxiudx,
(4.42)

u´(4.41) ª�U��∫
Ω

 n∑
i,j=1

aijuxiuxj − cu2

 dx = I (4.43)
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Ù¥

I = −
∫

Ωi,j=1

n∑
0

∂aij
∂xj

uxiudx+

∫
Ω

n∑
i=1

biuxiudx−
∫

Ω
fudx.

(4.44)
P

M = max
i

max
x∈Ω

 n∑
j=1

∣∣∣∣∂aij∂xj

∣∣∣∣ , |bi|
 , (4.45)

Ké?¿�½�ε > 0, k
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|I| 6 2M

∫
Ω

n∑
i=1

|uxi | |u|dx+

∫
Ω
|f ||u|dx

6 2M

(
ε

2

∫
Ω

n∑
i=1

|uxi |
2 dx+

n

2ε

∫
Ω
u2dx

)
+

1

2

∫
Ω

(
u2 + f2

)
dx

= Mε

∫
Ω

n∑
i=1

|uxi |
2 dx+

(
nM

ε
+

1

2

)∫
Ω
u2dx+

1

2

∫
Ω
f2dx.

�ε = α
2M , Kd(4.43) 9b�(4.38) ��
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α

∫
0

n∑
i=1

|uxi |
2 dx−

∫
0
cu2dx 6

α

2

∫
0

n∑
i=1

|uxi |
2 dx+

(
2nM2

α
+

1

2

)∫
Ω
u2dx+

1

2

∫
Ω
f2dx. (4.46)

-λ0 = 2nM2

α + 1
2 , K�c 6 −λ0 �Òk

α

2

∫
0

n∑
i=1

|uxi |
2 dx 6

1

2

∫
0
f2dx. (4.47)

2|^>.^�(4.39) ±96p�p�dØ�ª(4.22), ���3
Ø�6uu ��~êC,¦¤á
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∫
Ω

(
n∑
i=1

|uxi |
2 + u2

)
6 C

∫
Ω
f2dx.

�V­.�§!�Ô.�§��¹��, Uþ�Oª(4.40)á=
���ý�.�§)|�X¯K�)���5±93þ��¿Â
eémà��ëY�65"·�rN�Ñ, 3½n4.6
¥c(x) 6 −λ0 �^�´­��"�ù�^�Ø¤á�, Uþ�O
ª±9)���5�­½5Ñ�UØ¤á"Áwe¡�~f"
�Ω �²¡þ�Ý/«�[0, π; 0, π], 3Ω þ�	e�ý�.�§
�1�>�¯K:

∆u+ cu = f, 3Ω ¥, (4.48)

u|Γ = 0. (4.49)
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N´���y, �c = 2n2 �(Ù¥n �?���ê), �A�
àg¯KØ
"), �k�")u = sinnx sinny "�ó�, ù�
��5Ø¤á"�A/, (4.40) /ª�Uþ�Oª�Ø�U¤
á"
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